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The geometric phase is a common phenomenon in a variety of physical systems, with significant applications in optics.
We report the first experimental demonstration of the adiabatic geometric phase in nonlinear frequency conversion,
wherein the coupling between the signal and idler frequencies constitutes the intrinsic two-level dynamics of the
system. We observe a variety of effects associated with the geometric phase, including the adiabatic broadening
of bandwidth, asymmetric transmission for opposite propagation directions, conjugation of the phase for orthogonal
eigenstates, and the nonreciprocity associated with the pump field bias. Our work paves the way towards all-optically
controlled geometric phase elements for wavefront shaping, isolation, guiding, and quantum optical applications,
harnessing spectral and spatial correlations. © 2019 Optical Society of America under the terms of the OSA Open Access
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1. INTRODUCTION

When a two-level system performs a closed trajectory in its
parameter space, the final state accumulates a phase factor
dependent on the trajectory, in addition to its dynamical phase
attributed to propagation [1,2]. This geometric phase was first
discovered by Pancharatnam for polarized light [3] and later
by Berry for quantum mechanical systems [4]. This phenomenon
has since had a profound effect on physics. Its applications range
from fundamental quantum mechanics [5], condensed matter
physics [6], and, of course, in the field of light optics. For circu-
larly polarized light, the so-called Pancharatnam–Berry (PB)
phase, accumulated when the photon helicity is changed from
positive to negative using a transversely varying half-wave plate
element, is widely used for beam shaping [7–9], beam shearing
[10], guiding [11], holography [12], and for encoding both
classical [13] and quantum [14] information.

The PB phase has been utilized in the field of nonlinear optics
using nonlinear photonic metasurfaces [15–18] for controlling
the phase of the generated higher harmonics. In these schemes,
the polarization of the nonlinear response is continuously con-
trolled by varying the orientation angle θ of the nanoantennas
hosting a strong local nonlinearity. While the fundamental fre-
quency acquires the PB phase of �2θ, the generated nth har-
monic attributed to the locally induced nonlinear dipole
moment can acquire a geometric phase of��n� 1�θ, depending
on the original pump helicity as well as on the helicity of the
generated light [18]. These methods are versatile, allowing for
arbitrary two-dimensional holograms in the generated harmonic
using thin elements, as they essentially rely on the polarization

degree of freedom. However, they suffer from very low conversion
efficiencies due to the small interaction volumes, albeit the non-
linear susceptibility itself is typically enhanced.

Nonlinear photonic crystals (NLPCs), on the other hand, can
offer a significantly higher and broadband conversion efficiency,
for example, by the use of adiabatic processes [19]. However, the
control over the polarization of the susceptibility tensor in NLPCs
is limited to the binary poling methods used, for example, in
quasi-phase-matching (QPM) techniques [20]. Unfortunately,
this eliminates the possibility for a nonlinear PB phase scheme
in NLPCs. A different approach, incorporating both high effi-
ciency, bandwidth, and versatility, without relying on the polari-
zation degree of freedom, should therefore be pursued.

In this paper, we report the first experimental study of the adia-
batic geometric phase in nonlinear frequency conversion, where
the spectral degree of freedom is used instead of the light’s polari-
zation. We employ the second-order process of sum-frequency
generation (SFG) and, following previous works [21–23], use
electric field poling to engineer the interaction. Our experimental
results test the phenomena predicted for the geometric phase in
this system, such as broadened acceptance bandwidth, asymmet-
ric transmission, and nonreciprocity.

2. THEORETICAL MODEL

The analogy between SFG and two-level systems has been inves-
tigated over the past few years [19,24,25]. Under the slowly vary-
ing envelope and undepleted pump approximations, the two bare
eigenstates of the system are the signal and idler frequencies, ωi
and ωs, respectively, separated in energy by the pump frequency,
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ωp � ωs − ωi. The analog of the detuning is proportional to the
phase mismatch Δk � ki � kp − ks − 2π∕Λ, where kj, j � i, s, p
are the idler, signal, and pump wavenumbers, respectively, and Λ
is the QPM period [20]. In addition, the coupling parameter is
κ ∝ χ�2�

ffiffiffiffi
I p

p
, where χ�2� and I p are the second-order susceptibil-

ity coefficient and pump intensity profile, respectively. Finally, the
system dynamics is described with respect to the propagation z
coordinate.

The adiabatic geometric phase in SFG has been rigorously
derived in Ref. [24], and here we follow the main results. In
the framework of spin-1/2 systems (where the idler and signal
frequencies are equivalent to the two opposite spin states in
the z direction), one can define an analog magnetic field, B, after
a coordinate transformation to a rotating frame,

B � κ�cos φx̂ � sin φŷ� � Δk
2

ẑ, (1)

where φ is the relative phase between the pump and the poled
nonlinear medium. Note that the coupling strength κ depends
also on the QPM duty cycle, D [26]. Equation (1) shows that
one can control the analogous magnetic field by tuning three
parameters of the interaction: Δk (through the poling period
Λ), D, and φ. The system Hamiltonian is then written in a
compact form,

H SFG�z� � −σ · B�z�, (2)

with σ � �σx , σy, σz� denoting the Pauli matrix vector. In Eq. (2),
we have explicitly considered a z-dependent Hamiltonian, analo-
gous to a time-dependent two-level quantum system.

A two-level system subject to an adiabatically changing
Hamiltonian preserves its instantaneous eigenstates [5]. In the
context of nonlinear optics, this trait has been utilized for broad-
band and robust frequency conversion [19,27]. In addition, if the
Hamiltonian is rotated adiabatically in parameter space, an addi-
tional phase is gained, depending only on the geometric trajectory
of the Hamiltonian. If the latter is a closed trajectory, then the
value of the geometric phase, γ, is given in terms of the solid angle,
Ω, circumvented by the path,

γ � � 1

2
Ω, (3)

where the� signs correspond to the two different eigenstates, or,
independently, to the direction of the trajectory, clockwise or
counterclockwise. This implies that the geometric phase is
manifested in a conjugate manner for orthogonal eigenstates and
opposite propagation directions.

3. EXPERIMENTAL RESULTS

In order to experimentally demonstrate these concepts in SFG, we
designed three 10 mm long Mg:CLN nonlinear crystals. In all
designs, the poling parameters D, Λ, and φ are varied along
the propagation direction in a specific manner [24] to induce
an adiabatic trajectory of the analogous magnetic field [Eq. (1)]
and a corresponding geometric phase. We considered two types of
trajectories–a wedge that connects the north and south poles via
two different open paths [Fig. 1(a)]; and a circular trajectory
around a fixed vector in parameter space [Fig. 3(b)]. For the
pump beam, we used a 1064.5 nm Nd:YAG pulsed laser with
a 10 kHz repetition rate, a pulse length of 4.5 nsec and 1 W aver-
age power. Additionally, we used two CW lasers: an He:Ne laser at
632.8 nm for the signal frequency with a power of 8 mW, and an

infrared tunable laser source (TLS) centered at 1550 nm for the
idler frequency, amplified to have a power of 22 mW. The crystals
were kept at a constant temperature of 54°C.

In the first design, we fabricated two adjacent parallel paths on
the same crystal, each employing an adiabatic trajectory from the
north pole of the parameter space surface (corresponding to the
idler frequency on the Bloch sphere) to the south pole (signal fre-
quency). This transition was achieved by varying the poling
period from 11.15 to 12.49 μm, and simultaneously varying
the duty cycle from 30% (approximately 3.5 μm for the poled
region width, a value limited by the fabrication constraints) to
50% (see Supplement 1 for more information). The two paths
differ from one another by an angle Δφ, which defines a closed
wedge on the surface in parameter space [Fig. 1(a)]. We choose
Δφ � γ � π to gain a π phase difference between the two paths,
which in the far field approximates a Hermite–Gauss 01
(HG01) beam.

The parameter-space surface should not be confused with the
Bloch sphere, which is the mapping of the Hilbert space to the
surface of a sphere. Parameter space, however, may accommodate
a more general surface, since the size of B does not have to be kept
constant. For instance, by varying the poling period (the z com-
ponent of B ) more dominantly near the crystal edges, the param-
eter space surface becomes elongated while staying azimuthally
symmetric [Fig. 1(a)]. This is typical of the adiabatic process
in nonlinear optics [19]. Changing the input wavelength, and
hence the phase mismatch Δk, can be geometrically understood
as shifting the parameter space surface up or down with respect to
the origin. Hence, if the origin is enclosed by an elongated surface
as in Fig. 1(a), a larger input frequency tolerance is allowed

Fig. 1. Wedged rotation scheme. (a) The parameter-space surface is
elongated along the z direction. The Hamiltonian follows the black line
from the north pole (the idler frequency in the corresponding Bloch
sphere) to the south pole (signal frequency). (b) Illustration of the experi-
ment. The idler and pump beams enter the crystal; the signal emerging is
shaped as HG01. Inset is a microscopic image of the fabricated crystal
surface after selective etching that reveals the poled surface. The poling in
the two sections has the opposite phase. (c) Far-field image of the mea-
sured signal field at 631 nm. (d) Measured (blue dots) and simulated
(red) photon conversion efficiency dependence on idler wavelength.
Black dashed curve shows the efficiency for a regular 10 mm long peri-
odically poled crystal with a period of 11.78 μm.
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[as compared to the usual spherical shape in ordinary SFG, or in the
circular rotation scheme, Fig. 3(b)], resulting in a broader conversion
bandwidth. As the surface becomes more elongated, corresponding
to a larger variation of the phase mismatch Δk, the spectral band-
width becomes larger. Additionally, the photon conversion efficiency
can approach unity if strong pump intensities are used. The imple-
mentation of this method requires satisfying the adiabatic condi-
tions, which depend on the length of the crystal, the pump
intensity, and the rate of change of the poling period. These and
other considerations have been discussed in detail in Ref. [19].

The experimental setup is illustrated in Fig. 1(b). We sum the
idler frequency at 1550 nm and the pump wave at 1064.5 nm, and
measure the far-field intensity pattern at 631 nm (after filtering) us-
ing a CCD camera. We observe the resulting HG01-like mode, as
can be seen in Fig. 1(c). The measured signal power was 30.44 mW.
This corresponds to amaximal photon number conversion efficiency
(η � N s∕N i, where N j, j � i, s is the photon number of the idler
and signal fields, respectively) at 1551 nm of η � 64%, whereas the
simulated efficiency (calculated using the split-step Fourier method
[28]) was η � 65%. The FWHM of the measured efficiency dis-
tribution was ∼8 nm, which is 4 times larger than a periodically
poled crystal of the same length [see Fig. 1(d)].

The second design implements a nonlinear cylindrical lens us-
ing the wedge scheme as in the previous design [Fig. 1(a)], con-
verting from idler to signal (and vice versa). The crystal induces a
quadratic geometric phase that varies along the transverse x di-
mension, e.g., γ�x� � Δφ�x� � ax2, where a � 103 rad∕mm2.
The poling period and duty cycle were varied along the crystal in
the same manner as in the first design. The resulting focal length
of the lens is f � πn∕λa, where n and λ are the refractive index
and the wavelength of the converted beam, respectively. We mea-
sured the beam propagation from the crystal facets, for four cases,
corresponding to all combinations of the crystal orientation
relative to the pump direction and to the input wavelength
(632.8 and 1550 nm); see Fig. 2.

As a result of Eq. (3), we expect to observe two typical traits
of the geometric phase. The first is asymmetric transmission,

reported recently for nonlinear PB metasurfaces (wherein the light
polarization was used for generating the geometric phase, as op-
posed to the scheme discussed here [29]). This means that the lens
has an opposite effect on counterpropagating beams: by changing
the crystal orientation relative to the pump direction, the con-
verted beam will be either converging or diverging. This happens
because the trajectory in parameter space is determined by the
crystal orientation, changing from clockwise to counterclockwise,
thus flipping the sign of the phase.

The effect can be seen by comparing Figs. 2(c) and 2(d) or
Figs. 2(e) and 2(f ). The beam propagation was imaged after
the exit facet of the crystal, located at z � 10 mm (c)–(d) or after
the entrance facet z � 0 mm (e)–(f ).

The second trait is the conjugation of the accumulated phase
when starting at orthogonal eigenstates. By changing the input
wavelength, the converted beam changes from converging to
diverging. The effect can be seen by comparing Figs. 2(c) and
2(e) or Figs. 2(d) and 2(f ). Notice that the focal length of the
signal and idler varies by a factor of λi∕λs ≅ 2.5, and therefore
the focal point appears inside the crystal for the case in Fig. 2(b).

In the final design, we employ a different type of trajectory in
parameter space, wherein both the initial and the final points be-
long to the same eigenstate [24]. As can be seen in Fig. 3(b), in
this trajectory, the magnetic field analog, B, precesses on a circle
about a unit vector at angle Θ relative to the z axis. The circle
encloses a solid angle of Ω � π�1 − cos Θ� on the surface, which
coincides with the Bloch sphere. In this case, there is no net fre-
quency conversion; however, the output eigenstate accumulates a
geometric phase given by Eq. (3). In our design, we fabricated two
adjacent paths having a π geometric phase difference: in the first
path B precesses clockwise, gaining a π∕2 phase (Θ � π∕3),
while in the second path, the precession is counterclockwise
on the same trajectory, giving a geometric phase of −π∕2. The
poling period is varied between 11.84 and 11.75 μm and back;
the duty cycle is varied between 30% to 50% and back, as de-
scribed in Fig. 2 in the Supplement 1. The resulting output beam,
therefore, is expected to behave similarly to an HG01 beam, as in

Fig. 2. Geometric phase lens. (a), (b) show the experimental setups. In (a) the idler (1550 nm, CW) and pump (1064.5 nm, pulsed) enter the crystal,
and the signal is measured using a regular CCD camera. In (b) the signal (633 nm, CW) and pump fields enter the geometric phase crystal, and the idler is
measured with a cooled InGaAs CCD camera. F1 was used to filter the pump and signal/idler wavelength, L1 was used for focusing, and L2 was used for
imaging consecutive planes from the first/second crystal facet (inside/outside the crystal) until 10 mm after. (c), (d) and (e), (f ) show the idler and signal
propagation measurements, at different crystal orientations, shown in black and white at the bottom. Top insets are transverse pictures of the beam at
planes depicted by the white arrows. The yellow scale bar is 0.2 mm.

Research Article Vol. 6, No. 11 / November 2019 / Optica 1403

https://doi.org/10.6084/m9.figshare.9556172


the first design, but in this case the shaping is obtained for the
original input wavelength.

This process also demonstrates an intriguing property of the
nonlinear geometric phase, namely, the breaking of time reversal
symmetry. As in other optical systems based on the Faraday effect
[30], the Fizeau effect [31] or a traveling-wave temporal modu-
lation of the refractive index [32], having an external bias odd
under time reversal, the interaction is nonreciprocal [33]. In
the case of SFG, the bias is the pump field’s momentum, which
is unidirectional. Reversing the direction of the input idler or sig-
nal fields relative to the pump results in a highly nonphase-
matched interaction (Δk comparable to optical wave vectors),
for which the conversion efficiency (jηj ∼ 1∕ΔkL, L the crystal
length) effectively vanishes, allowing for high isolation after spec-
tral filtering. This idea was first theoretically proposed in [34] and
then later in [35] for frequency-conversion-based schemes. In our
experiment, we expect the nonlinear crystal to act as a frequency-
retaining, nonreciprocal spatial mode converter: entering from
one side, the beam changes its spatial mode from HG00 to
HG01, keeping its original frequency. Entering from the other
side relative to the pump, no observable interaction is expected
owing to the large phase mismatch, and the beam retains both its
frequency and spatial mode.

In order to measure the spatial conversion of the input CW
frequency using a pulsed pump field, it was necessary to tem-
porally correlate the input field with the pump pulse. For this
manner, we used an additional adiabatic KTP crystal designed
for the SFG conversion of 1550–631 nm prior to the geometric
phase crystal. As can be seen in Fig. 3(c), we adiabatically convert
the CW idler (1550 nm) to a pulsed signal (631 nm), correlated
with the pulsed pump (1064.5 nm), after which the original CW
idler is filtered. The two pulsed fields then enter the geometric
phase crystal, wherein the pulsed signal is adiabatically rotated
back to itself as described above, and the resulting spatial mode
is imaged onto a CCD camera after the exit facet of the crystal. In
Fig. 3(d), we compare two cases: in the first, the pump field is
filtered out before entering the geometric phase crystal, and
the signal retains its original Gaussian mode; in the second, both
pump and signal fields are copropagating in the crystal, and the
signal’s spatial mode is hence converted. In this manner, we indi-
rectly observe the expected nonreciprocity of the system, since the
outcome of the former case is identical to the counterpropagation
of the signal pulse relative to the pump, wherein the nonlinear
interaction is diminished well below the noise level of the detec-
tion system. The poling has a small but visible effect on the re-
fractive index, as can be seen in Fig. 3(d1), where the gap between
the two adjacent paths [e.g., as in Fig. 1(b)] can be seen in the
beam cross section.

4. CONCLUSION

In conclusion, we have experimentally demonstrated for the first
time the adiabatic geometric phase in nonlinear frequency con-
version and observed its properties. As a possible extension of this
work, the concept of beam shaping in nonlinear optics can be
generalized to fully control the transverse plane of the shaped
beam using the adiabatic rotation schemes, wherein the recent
technological advancements in three-dimensional NLPCs [36,37]
offer promising outlooks. One such exciting possibility is the
experimental realization of adiabatic geometric phase masks for
generating vortex beams that carry orbital angular momentum
[24]. Another possible outlook is to extend our formalism to a
three-level system, using a cascaded SFG process in quasi-periodic
NLPCs [38], with more than one pump field. For example,
in a ladder configuration with ω1 < ω2 < ω3, one has ω2 �
ω1 � ωp1 and ω3 � ω2 � ωp2, where ωp1,ωp2 denote the two
pump frequencies, and where the quasi-periodic crystal provides
the phase-matching conditions for the multiple processes [39].
Under certain constraints, such systems were shown to exhibit
spin-1 dynamics [40], and by varying the couplings along the
crystal, in a similar manner to what we described above for
the two-level SFG process, it should be possible to accumulate
a geometric phase for each of the corresponding eigenstates, hav-
ing the three spin-1 eigenvalues m � −1, 0, 1, as γ � −mΩ (thus
generalizing Eq. (2) for spin-1). Interestingly, unlike the spin-1
photon helicity [41,42] taking only the two values of m � �1
due to the photon being a massless particle, this proposed system
can also occupy the m � 0 state. The SFG geometric phase can
have an important role in future applications, including geometric
phase-based guiding of both the signal and idler using a geometric
phase lens array [11], as well as in quantum-optics applications,
wherein the frequency degree of freedom can be entangled with
spatial modes such as orbital angular momentum [14] or the
photon’s path [40].

Fig. 3. Circular rotation scheme. (a) The crystal design has two paths,
each following the same circular trajectory: one clockwise and the second
counterclockwise. (b) B follows the black line around the unit vector n̂,
which forms an angle Θ0 with the z axis. (c) The experiment. The pulsed
1064.5 nm pump and 1550 nm CW idler are combined using a dichroic
mirror (DM) in an adiabatic KTP crystal for conversion to the 631 nm
signal. The idler is filtered using the filter (F1) and the synchronized
pump and signal pulses are focused using the lens (L1) into our geometric
phase crystal. The pump is filtered by F2, and the output is imaged to a
CCD camera using L2. We imaged consecutive planes from the crystal
exit facet. (d1), (d2) The measured propagation after the crystal, when
the pump is on (d2) or off—i.e., filtered before the crystal (d1). Inset is
the transverse image of the beam at the exit facet of the crystal.
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