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Electron microscopes provide a powerful platform for exploring physical phenomena with nanoscale resolution, based
on the interaction of free electrons with the excitations of a sample such as phonons, excitons, bulk plasmons, and sur-
face plasmons. The interaction usually results in the absorption or emission of such excitations, which can be detected
directly through cathodoluminescence or indirectly through electron energy loss spectroscopy (EELS). However, as we
show here, the underlying interaction of a free electron and an arbitrary optical excitation goes beyond what was pre-
dicted or measured so far, due to the interplay of entanglement and decoherence of the electron-excitation system. The
entanglement of electrons and optical excitations can provide new analytical tools in electron microscopy. For example,
it can enable measurements of optical coherence, plasmonic lifetimes, and electronic length scales in matter (such as the
Bohr radius of an exciton). We show how these can be achieved using common configurations in electron diffraction
and EELS, revealing significant changes in the electron’s coherence, as well as in other quantum information theoretic
measures such as purity. Specifically, we find that the purity after interaction with nanoparticles can only take discrete
values, versus a continuum of values for interactions with surface plasmons. We quantify the post-interaction density
matrix of the combined electron-excitation system by developing a framework based on macroscopic quantum electro-
dynamics. The framework enables a quantitative account of decoherence due to excitations in any general polarizable
material (optical environment). This framework is thus applicable beyond electron microscopy. Particularly in electron
microscopy, our work enriches analytical capabilities and informs the design of quantum information experiments with
free electrons, allowing control over their quantum states and their decoherence by the optical environment. © 2021

Optical Society of America under the terms of the OSA Open Access Publishing Agreement
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1. INTRODUCTION

Electron microscopy provides a powerful platform to study phe-
nomena in condensed matter physics, optics, plasmonics, and
many aspects of nanomaterials, all with the subnanometric preci-
sion of a free-electron probe. The most common techniques used
for studying optical and material excitations are electron energy
loss spectroscopy (EELS) [1–3] and cathodoluminescence [4,5].
More recent techniques also utilize the quantum wave nature of
free electrons (e.g., by phase-front shaping [6–11] or by dressing
electrons using a strong laser field [12–21]). Surprisingly, although
these capabilities exploit the quantum wave properties of free elec-
trons, other quantum features, such as the entanglement between
the free electron and the optical excitations [22,23], have yet to be
exploited.

One of the main footprints of entanglement of the electron with
other quantum degrees of freedom in the environment is quan-
tum decoherence [24–26]. Any observer measuring exclusively
the electron usually loses knowledge of any coherence between
the electron and the environment, since the environment was

left unobserved (“traced out”). A useful platform for observing
the electron decoherence is the famous double-slit experiment
[27,28] that continues to inspire new ideas in the field [29–31].
The first double-slit experiment that presented an interference
pattern from a single electron was done in electron microscopes
using electron holography [32–34]. Potapov et al. introduced a
series of extensions of such double-slit experiments [35,36] in
which free electrons interact inelastically with a (bulk) plasmonic
excitation that serves as an effective “which-path” detector. Each
electron’s quantum coherence (transverse to its propagation) was
measured using biprism-based holography. These experiments,
and closely related theory [37], found that the spatial coherence of
the inelastically scattered electron is highly correlated to the optical
properties of the sample. In particular, the spatial coherence length
is closely related to the propagation length of the bulk plasmon that
is emitted [38–40].

From the discussion above, it should be clear that analyzing
the quantum properties of free electrons has the potential to reveal
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more information about the sample’s excitations than conven-
tional measures in electron microscopy. The remaining question is
how to analyze the electron to unveil this additional information.

In this paper, we formulate a general theory of the entanglement
and decoherence dynamics of electrons subject to interactions with
an arbitrary optical environment. Using quantum information
measures, we demonstrate how the formation of entanglement
with the sample’s optical excitations is correlated to spatial deco-
herence of the post-selected electron. We base our analytical
calculations on macroscopic quantum electrodynamics (MQED)
[41,42], which enables a fully quantum analysis of the interactions
of electrons with electromagnetic fields in any optical environ-
ment, including absorbing and polarizable materials. This theory
enables us to link the post-interaction electron density matrix
with the quantum fluctuations of the electromagnetic field of
the medium. Furthermore, we propose means of measuring and
controlling the electron density matrix and specific properties such
as decoherence by using standard electron microscopy techniques.
We show the richness of coherence properties that the electron can
inherit during its interaction with common nanostructures such as
nanoparticles and thin metallic interfaces, comparing our results
with experiments such as those of Ref. [35]. Our findings could
help develop new analytical capabilities in electron microscopy. In
particular, measuring the quantum coherence may enable probing
the optical environment’s quantum fluctuations through the elec-
tron’s decoherence and help answer fundamental questions on the
nature of light–matter interaction in the quantum regime.

Our approach provides the first quantum optical analysis of
free-electron interaction with arbitrary electromagnetic environ-
ments. As opposed to bound-electron systems (such as atoms and
quantum dots), examining arbitrary optical excitations using the
continuous energy levels of the electron enables exploration of the
wide range of phenomena in electron microscopy applications. In
its classical limit, our formalism recovers the well-known EELS
rates [2]. However, the formalism goes beyond the classical limit to
unveil the underlying quantum correlations embedded in the free-
electron probe. As a result, we strengthen the connection between
the fields of electron microscopy and quantum information—a
connection that has begun to emerge in recent years [22,23,43,44].
The motivation for our approach comes from previous works in
electron microscopy and other free-electron systems that quan-
tified electron decoherence [35–37,45,46]. The power of the
MQED-based field quantization that we apply here is its general-
ity: it enables one to link the properties of any optical environment
directly to the electron image that is measured after the interaction.

To demonstrate intuitively the fundamental role of optical
excitations in the quantum decoherence of free electrons, we
illustrate in Fig. 1 a gedankenexperiment inspired by Refs. [35–
37,47,48]. Consider a free electron impinging onto a thin metallic
film and interacting with it [Figs. 1(a) and 1(b)]. During the
interaction, the electron creates an optical excitation in the film,
e.g., a surface plasmon polariton (SPP), and as a result, it loses
one quantum of energy [49]. Then the electron passes through a
double-slit apparatus (realized, for example, by an electron biprism
[39,40,45,46,50]). A resulting interference pattern is obtained
on a screen, from which the electron transverse coherence can be
quantitatively measured via the fringe visibility.

In Figs. 1(a) and 1(b) we present the two possible extreme cases
for the electron’s transverse coherence. In Fig. 1(a), the excitation
is very localized, for example, as a result of high propagation losses.

There, the post-interaction electron remains coherent only over
a small area, so we expect no visible interference pattern on the
screen. On the other hand, a large spatial coherence associated
with a delocalized optical excitation manifests as a large spatial
coherence of the post-interacted electron, and a visible interference
pattern is observed [Fig. 1(b)]. From a quantum mechanical point
of view, regardless of the spatial extent of the optical mode, the
interacting electron is maximally entangled with the environment
in both cases (see Supplement 1 Section S.4). However, the spatial
width of the excitation determines the coherence length of the
resulting electron. Thus, the usually unexplored properties of the
optical environment, such as the spatial correlation functions of
the electromagnetic field, can be extracted directly from measuring
the electron’s spatial coherence.

2. RESULTS

A. Theory for Analyzing Quantum Properties of a
Post-Interaction Electron

In the spirit of the gedankenexperiment presented above, we con-
sider the general case of an electron impinging on a sample of some
structured optical medium, representing a general optical environ-
ment. The electron emits a quantum of an optical excitation hosted
by this environment, leading to an entanglement of the electron
and the optical excitation. Then the electron travels through an
energy filter that post-selects electrons of a given energy before
measuring its position or momentum [Fig. 1(c)].

The description of the interaction itself begins from the mini-
mal coupling Hamiltonian of quantum electrodynamics (QED),
acting as a perturbation on a free, relativistic electron, ignoring
spin effects [51]. In this case, the Hamiltonian of the whole sys-
tem is H = He + Hem + Hint, where the electron’s Hamiltonian
is He = p2/2mγ , the field’s Hamiltonian (omitting the zero-
point energy) is Hem =∫ dr

∫
dω~ω f†

(r, ω) · f(r, ω), and
Hint =

e
mγ A(r) · p describes the interaction term. In these equa-

tions, m denotes the electron mass, γ the Lorentz factor, p the
momentum operator of the paraxial electron, A the quantized
vector potential of the electromagnetic field, and f(r, ω) (f†

(r, ω))
the creation (annihilation) operator for a dipolar excitation in a
medium. We write the electromagnetic vector potential A(r) in the
second quantization in terms of these dipolar excitations as

A(r, ω)=

√
~
πε0

1

c 2

∫
ωdω

∫
dr′
√

Im ε(r′, ω)

×
=

G (r, r′, ω)f̂(r′, ω)+ h.c., (1)

where ε0 is the vacuum permittivity, and c is the speed of light. The
quantized field of Eq. (1) can be seen as an expression of the field
resulting from a quantum dipole excitation at position r′ and fre-
quency ω, oriented along a direction j = x , y , z. This excitation
contributes to the vector potential in r using the dyadic Green’s

function
=

G(r, r′, ω) [41] as a propagator.
The joint state of the entire quantum system is obtained by

combining the electron’s state with the state of the electromagnetic
field. Therefore, without loss of generality, the initial joint state of
the system is a coherent electron wave function |ψ0〉e and no field
excitations |0〉exc. The more general case of an incoherent electron
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(c)(a) (b)

Fig. 1. Illustration of an electron interacting with an optical excitation as commonly realized in electron microscopes. Examples of electrons interacting
with (a) localized and (b) delocalized optical excitations, which leave distinct footprints on the post-interaction electron. Such are manifested in the resulting
interference patterns after the post-interaction electron propagates through two slits. The transverse coherence of the electron is measured on a screen at the
bottom via the interference visibility, and it is strongly affected by the size of the excitations. In (a) and (b), the excitations are spatially localized/delocalized,
respectively, compared to the distance between the slits, thereby preventing/preserving a visible interference pattern. (c) A transmission electron microscope,
in which an electron can impinge on a thin metallic film to interact with optical excitations (plasmons). The microscope enables post-selected measurement
of the electron’s position or momentum distribution by energy filtering, e.g., via the electron energy loss spectrometer (EELS) at the bottom of the figure.

is discussed in Supplement 1 Section S.1.2. Assuming a weak inter-
action, the resulted entangled state is a coherent superposition,

described as |ψ0〉e|0〉exc
Hint
→ |ψ0〉e|0〉exc +

∑
σ

∑
κ

cσκ |ψσ 〉e|1κ〉exc.

In this summation, σ denotes the electron’s degrees of freedom
(e.g., momentum, spin, energy, position) and κ the excitation’s
degrees of freedom.

In usual EELS experiments, only the post-interaction elec-
tron is measured, whereas the sample (and its excitations) are left
unmeasured [52]. From the perspective of quantum mechanics,
this partial measurement corresponds to a partial trace over the
sample degrees of freedom resulting in the electron’s reduced
density matrix

ρe =Trexc
{
ρjoint

}
=

∑
σ,σ ′

ρe(σ, σ
′)|ψσ 〉e〈ψσ ′ |e (2)

with the coefficients in the σ, σ ′ basis determined by ρe(σ, σ
′)=∑

κ

cσκ c ∗
σ ′κ

. Therefore, the post-interaction electron is in a mixed

state, comprised by an incoherent mixture of pure states, each
corresponding to a different scattering outcome. This picture is
equivalent to describing the electron as partially decohering as a
result of the interaction.

To further develop Eq. (2), we use several approximations
that are common in free-electron experiments and in electron
microscopy. First, we assume the paraxial approximation for the
motion of the electron beam, since typical angular spreads of such
beams are on the order of a few milliradians or below. This approxi-
mation remains valid after the interaction as well, as given by the
validity of the approximation that the electron recoils negligibly
after interaction with an optical excitation (“no-recoil approxima-
tion”) [2]. Apart from the paraxial approximation, we also assume
that the interaction occurs over a short distance relative to the
post-interaction propagation distance to the detector, e.g., a few-
micrometers evanescent field, compared to tens-of-centimeters
distance to the detector. Such distances are also much longer than
the typical (longitudinal) coherence length of each electron.

Under the assumptions above, the electron’s reduced den-
sity matrix after the interaction is given by (see Supplement 1
Section S.1)

ρe(rT , r′T;1E )=
4α

~c S

∫
dzdz′e i 1E

~v0
(z−z′)

× ImGzz

(
rT , z; r′T , z′;

1E
~

)
. (3)

Here z is coordinate along the electron propagation axis, 1E is
the electron energy loss, α is the fine-structure constant, v0 is the
initial electron speed, S is the electron beam area, and ~ is the
reduced Planck constant. The effect of the optical excitations is
fully captured by the zz component of the imaginary part of the
dyadic Green’s function. Importantly, the two transverse spatial
arguments, rT and r′T , enable the determination of the transverse
quantum coherence of the post-interaction electron via the off-
diagonal elements of ρe. We note that the diagonal elements of the
reduced density matrix, i.e., taking rT = r′T in Eq. (3), retrieve the
commonly used EELS probabilities for a point charge (found in
[2]). In Eq. (3) we describe the density matrix in units of probabil-
ity per unit energy per area, though it can be defined as probability
per energy, which result in multiplying Eq. (3) by the electron
transverse spot size. Equation (3) can be generalized to the case
where the incoming electron is described by a general density
matrix (see Supplement 1 Section S.1.2 for full derivation). In this
case, the electron final density matrix in the spatial coordinate basis
is simply a product of Eq. (3) and its initial density matrix, which
can be measured independently. This corresponds to a convolution
of the momentum response of the sample with the electron’s initial
density matrix in the momentum basis.

To demonstrate the implications of our new formalism and
especially Eq. (3), we apply it to two types of archetypical optical
excitations: propagating SPPs in thin metallic films and nanopar-
ticles supporting localized optical modes. These two examples
enable comparison of the effect of the excitation spectrum
(e.g., whether it is continuous or discrete) on the post-interaction
electron. These cases result in very different consequences in terms
of the entanglement created during the interaction and, accord-
ingly, the purity of the electron and its spatial coherence. In each
case, we derive the resulting electron density matrix, discuss its
properties, and show what the electron measurement can reveal
about the optical excitation itself. We then present the connec-
tion between the two cases and highlight their differences and
similarities.
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Fig. 2. Free-electron entanglement with surface plasmon polaritons (SPPs) to probe the SPP dispersion, lifetime, and coherence. (a) Schematic of the
interaction. The electron moves through a thin insulator-metal-insulator interface hosting SPPs. The electron excites a plasmon and thus changes its energy
and momentum in an amount equal to that of the plasmon, giving rise to electron-plasmon entanglement. Since each optical excitation is well described
by its momentum, the density matrix is diagonal in that basis, and the complete density matrix of the electron at each energy can be obtained from a single
energy-filtered diffraction image. (b) Reconstruction of the SPP dispersion and lifetime from EELS diffraction images for each energy loss ~ω. Insets: two
EELS diffraction images. The radius and width of each ring are used for the reconstruction of the dispersion curve. Each image shows the diagonal terms
of the electron density matrix in the momentum basis for each energy, 〈kT , ~ω|ρe|kT , ~ω〉. The dispersion plot is constructed from the EELS diffraction
image, calculated for each energy, as experimental data would be processed. (c) Electron transverse coherence as a function of the relative distance. The elec-
tron coherence grows with the propagation length of the plasmon, which decreases with energy. The calculations are based on Eq. (5), with simulated data
from (b). (d) Same axes as in (c), but for bulk plasmons in aluminum (blue) and compared to the experimental results by [35] (red), giving a good fit. See
Supplement 1 Section S.2.2 for fitting details and parameters.

B. First Case: Delocalized Excitations—Surface
Plasmon Polaritons

The first case we present is the interaction of a free electron with
SPPs as shown in Fig. 2(a). In this case, we show how the spatial
coherence of the post-interaction electron is a convenient and
reliable measurable quantity to analyze the optical excitation. In
our example, the SPPs propagate along a thin metallic layer in a
planar geometry (an insulator-metal-insulator, or IMI, structure).
The system is translation invariant in the plane transverse to the
electron’s motion, so it is convenient to work in the transverse
momentum basis for both the electron and the electromagnetic
modes. Using this representation, we write the zz component of
the electromagnetic Green’s function of the sample [53]:

Gzz(rT , z; r′T , z′;ω)=
i

8π2

1

(ω/c )2

∞∫∫
−∞

r p(kT , ω)

× e i[kT ·(rT−r′T )+
ω
c (z+z′)]k2

Td2kT , (4)

where r p(kT , ω)=
(εr (ω)−1)i−

σ(ω)kT
ωε0

(εr (ω)+1)i−
σ(ω)kT
ωε0

is the momentum-

dependent Fresnel reflection coefficient for p-polarized light,
and εr (ω) and σ(ω) are the frequency-dependent relative
permittivity and conductivity of the metal (for the figures, we
assume they follow the Drude model as discussed in Supplement 1
Section S.2.3).

Substituting Eq. (4) into Eq. (3), the resulting electron density
matrix becomes

ρe(kT , k
′

T;1E )=
δ(kT − k

′

T)

S~
16π2αc

(1E/~)2
Im{r p(kT , 1E/~)}√

k2
T −

(1E/~)2
c 2

×
k2

T

k2
T −

(1E/~)2
c 2 +

(1E/~)2
v2

.
(5)

Due to the in-plane translational symmetry in the system, the
density matrix is diagonal in the transverse momentum basis
[manifested through δ(kT − k′T)]. The diagonal elements depend
on the post-selected energy loss1E and on the plasmonic spectral
density of states in the specific energy and momenta [through
Im{r p(kT , 1E/~)}]. Therefore, for each plasmonic energy, ρe is
real-valued, positive, and depends on the transverse momentum
transfer (kT ) during the interaction. We note that, in this case, the
azimuthal symmetry forces ρe to depend only on the magnitude
of kT , and if the sample would be tilted, there would be an angular
dependence.

In Fig. 2(b) we show the density matrix as a function of the
magnitude of the momentum transfer kT [and energy loss 1E
(vertical axis)], normalized for each plasmon energy. Due to energy
and momentum conservation in the spontaneous emission process
leading to EELS, the diagonal components of the density matrix
are proportional to the energy and momentum-dependent exci-
tation probability. Its peaks (in kT -ω space) reveal the (complex)
SPP dispersion relation. In experiments, the post-interaction
electron goes through energy loss filtering, which leads to a ring-
like diffraction image of the momentum-space electron state as
illustrated in Fig. 2(b). The width of the ring is set by the momen-
tum space width of the plasmon at that frequency, which is set
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by the inverse propagation length. From this information, one
can directly calculate the lifetime of the plasmon for each energy
(limited by the electron zero-loss peak and by the resolution of
the energy filter). Note that this approach is still limited by the
energy resolution, which is affected by the initial electron energy
spread (zero-loss peak) and the EELS resolution. This resolution
determines the momentum resolution of the electron image and
thus the resolution of both the dispersion curve and its width (see
[54] for elaborated discussion). Note also that in terms of quantum
measurement, we first post-select the electrons by energy and then
measure their momentum distribution at the detector, which still
obeys uncertainty relations.

Apart from the complex dispersion relation, the density matrix
of Eq. (5) contains information regarding the loss of spatial coher-
ence of the excitation, as the coherence length is connected to the
propagation length. To quantify the SPP spatial coherence through
the electron spatial coherence, we use a similar notation to that in
optical coherence theory [55]. Due to the translation invariance of
the system, the energy-filtered spatial coherence γ (rT , r′T , 1E )
depends solely on relative distance1rT and can be written as (see
Supplement 1 Section S.2.1)

γ (1rT , 1E )=

∫
ρe(kT)e ikT ·1rT dkT∫

ρe(kT)dkT
, (6)

where ρe(kT) denotes the diagonal elements of ρe. Figure 2(c)
presents γ in our structure for different conductivity values of
the film and thus different propagation lengths L p . Comparing
it to Fig. 2(b), we find that larger losses correspond to shorter
propagation lengths and higher spatial confinement of the optical
modes. Therefore, the electron coherence area is greatly affected
by the plasmonic losses in the material. This observation provides
interesting possibilities for controlling the whole electron density
matrix, for example, through controlling the sample temperature
or charge carrier concentration via gate voltage. Additionally, this
coherence function can be investigated for different propagation
distances after the interaction; its propagation can be calculated
using wave optics [55] as was done in electron microscopy [37,56].
It is important to note that although the electron beam area
increases and refocuses in a microscope, the ratio between coher-
ence and the beam width is known to be conserved [57], as the
electron itself preserves its quantum coherence under any unitary
operation.

Equation (6) indicates a way to measure γ (1rT , 1E ) from
the same energy-filtered diffraction images that are used for the
reconstruction of the plasmonic dispersion. This measurement can
be done by taking this diffraction image and calculating its two-
dimensional Fourier transform, normalized by the total measured
power. Note that the final electron coherence is also affected by the
initial electron coherence; see Supplement 1 Sections S.1.2 and
S.2.2.

We compare our theory to the experimental results from [35]
for the case of bulk plasmons in Al samples and find a good match
with our theory [see Fig. 2(d)]. Our findings explain the exper-
imental results in terms of a general first-principles theory, in
contrast to the previous structure-dependent approaches [37].
Since we only look at the electromagnetic response of the sample,
an analogous calculation can be used to quantify the coherence size
of any optical excitation, for example, the Bohr radius of an exciton
[58].

Let us compare our approach (as performed, e.g., in [54,59])
with holography techniques that can also extract γ (1rT , 1E ).
We note that both are limited by the electron spatial coherence.
However, there is a fundamental difference. Electron holography
experiments in which one path undergoes inelastic scattering also
suffer from temporal decoherence [35,36,50] (consequently, the
duration of measurement alters the visibility since the different
parts of the electron do not have the same energy). The scheme at
the focus of our work does not involve the same temporal decoher-
ence despite undergoing the same inelastic process. The reason is
that the entire electron goes through an energy filter, and thus we
only deal with a single electron energy (consequently, the duration
of measurement does not alter the visibility) [38]. When holog-
raphy is performed between two parts of an electron that have
both undergone the same inelastic scattering process [60], there
is similarly no temporal decoherence. We further note that the
initial electron coherence affects the abovementioned methods in
different ways. In holography, the fringe visibility decreases with
reduced coherence, which could be compensated by increasing
electron flux. In our approach, the initial electron coherence is con-
volved with the diffraction image. The preferred approach depends
on a variety of factors, such as electron flux limitations (due to the
sample or microscope), signal-to-noise ratio, and the momentum
spread caused by the electron initial coherence compared to the
plasmon mean momentum and spread.

C. Second Case: Localized Excitations in
Nanoparticles

We now consider an electron interacting with a nanoparticle as
illustrated in Fig. 3. In contrast to the previous case, the nanopar-
ticles have a discrete number of electromagnetic modes that can be
excited. As a result, we can analyze the system using concepts from
quantum information in systems with discrete degrees of freedom,
such as purity, which helps quantify the entanglement in the inter-
action. The nanoparticles can host optical excitations in the form
of localized surface plasmons, whispering-gallery modes, or general
cavity modes [61–63]. For simplicity, we consider the case in which
the nanoparticles are far smaller than the electron beam area or the
optical wavelength so we can regard them as point dipoles with a
tensorial polarizability

=

α(ω) (3 by 3 matrix). The polarizability
tensor represents the nanoparticle’s affinity to support a dipole
moment in different directions and is affected by the nanoparticle
geometry. Figure 3(a) depicts some examples of nanoparticles with
different polarizability tensors and the corresponding electron
energy-filtered images. The special cases presented in Fig. 3(a)
show how one can analyze an arbitrary nanoparticle through the
imaging of the energy-filtered electron.

The images of the electron are derived through the diagonal
terms of the density matrix, obtained using Eq. (3) and the Green’s
function of a single dipolar particle. The optical excitations can be
oriented along the direction of the electron velocity (z) or in the
transverse plane (x−y ), giving the electron three different electro-
magnetic potentials to interact with. As a result, the density matrix
of the electron has longitudinal and transverse contributions. In
particular, the density matrix in real space is given as

ρe(rT, r′T, 1E )= 4α
c~S (

1E
~ )

2
µ0ψ(rT) · Im

{
=
α
(
1E
~
)}
·ψ∗(r′T),

(7)
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Fig. 3. Free-electron interaction with localized dipolar modes in nanoparticles. (a) Different shapes and orientations of nanoparticles, and each result in
a different energy-filtered electron image for the interacting electron. The different dipole orientations induce very different electron images, which can be
used to image the near field. All the images are shown with absolute value. (b) Electron coherence [normalized absolute value of ρe(rT , r′T)] for a fixed r′T
(blue diamond). The three rightmost panels portray the coherence under the same x−z-disk nanoparticle, with a different reference point r′T . The coher-
ence has a strong angular dependence and a very slow radial decay. Thus, the electron is mostly spatially coherent within the transverse interaction area, yet
different directions are incoherent with each other. As a reference, when exciting only single mode, the electron is perfectly coherent.

whereµ0 is the vacuum permeability,
=

α is the polarizability tensor,
and ψ(rT)=ψT(rT)r̂ T +ψz(rT)ẑ. The function ψz describes
the electron wave function after interacting with a purely longi-
tudinal mode (a “z-rod”) and ψT for an electron wave function
after interacting with a purely transverse mode (an “x−y -disk”) as
shown in Fig. 3(a). These functions can be calculated by consider-
ing the overlap between each optical mode and the electron’s initial
wave function (see Supplement 1 Section S.3.1). From Eq. (7) we
find that the electron density matrix is composed of an (incoherent)
sum of the three different modes, weighted by the polarizability
tensor of the nanoparticle. Thus, each term in the sum is associated

with a different principal axis of the polarizability tensor
=
α(ω).

The contribution of each electromagnetic mode on the electron
is summed up incoherently in its density matrix. Thus, there is no
interference between the different modes of excitation. Therefore,
the spatial coherence of the electron depends on the relative excita-
tion strength of different dipole orientations as seen in Fig. 3(b). As
the electron excites more modes (e.g., a nanodisk or nanosphere,
which support two and three modes, respectively), its spatial coher-
ence is reduced as can be seen from the spatial coherence variation.
Yet, since the number of available dipolar modes is discrete and
limited to three dipole orientations, the electron remains mostly
spatially coherent around the excitation point. Nevertheless, in all
cases the coherence has a strong angular dependence that stems
from the lack of coherence between different dipole orientations.
However, when the electron interacts with a single electromagnetic
mode per frequency, as in the nanorod case, it remains completely
coherent at all angles.

Let us now explain these results in terms of the entanglement
created during the interaction with the nanoparticle. We quantify
the degree of entanglement using the purity measure

purity=
Tr(ρ2

e )

Tr2(ρe)
. (8)

The purity measures the eigenvalue spread of a density matrix [64];
it equals unity for a pure electron state, and it gets a minimal value
of 1/d for a maximally mixed state, where d is the dimension of the
one-particle Fock space of the excitation. In the case of interactions
with nanoparticles, the minimal purity value is 1/3 (d = 3), while
in the SPP case there is a continuum of modes (due to transla-
tional invariance), so d goes to infinity and the purity is zero (see
Supplement 1 Section S.4). The electron’s purity is affected by its
entanglement with the excitations: increasing their entanglement
increases the quantum information contained in their joint state
compared to each one’s state, decreasing the quantum information
contained in the electron state alone, which increases the amount
of nonzero eigenvalues inρe and hence decreases its purity.

Figure 4 confirms that the electron’s purity is strongly related to
the number of modes the nanoparticle can host. This corresponds

to the number of nonzero eigenvalues of the polarizability tensor
=
α

(see Supplement 1 Section S.3.2), which determines the number
of eigenvalues of the electron density matrix. Consequently, the
purity equals 1 if the electron interacts with a single electromag-
netic mode, and it can take on rational values (e.g., 1/2 and 1/3)
when each eigenmode is excited with equal probability. Therefore,
the degree of entanglement between the electron and excitations
can be adjusted by changing the relative excitation strength of the
different optical modes. This can be done by rotating the nanopar-
ticle [as in Fig. 4(b)], changing its aspect ratio (thus affecting the
relative dipole moments along different directions), changing
its permittivity, or simply by post-selecting different energies
(which correspond to different modes altogether). This result leads
to a fundamental conclusion: the degree of entanglement, and
the respective electron decoherence, is primarily affected by the
number of available optical excitations and their relative strength.

In general, direct observation of the results from Fig. 4 could
be realized via interference experiments [34], quantum state
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Fig. 4. Free-electron entanglement with excitations of nanoparticles of various forms/shapes: accessing discrete dimensionality of quantum informa-
tion. (a) The electron purity for diagonal polarizability tensors representing various nanoparticle shapes. In the left half, the nanoparticles have their dipole
moment in the x−y plane. According to the number of eigenmodes, we find that for rods the purity is exactly 1, while for a circular disk the purity is exactly
1/2. In the right panel, the shapes range from a z rod to an x−y disk while keeping an x−y (azimuthal) symmetry. The purity is found at its minimal value,
exactly 1/3, when the contributions from all the dipole orientations (x , y , z) are equal (three equal eigenvalues), corresponding to an oval-shaped nanopar-
ticle. This figure demonstrates our control over the electron’s purity by shaping the nanoparticles’ classical dimensions, which directly controls the entan-
glement created in the interaction, in both discrete and continuous manners. The energy dependence stems from the fact that both longitudinal and trans-
verse excitations are present, and each one has a different energy dependence. (b) Purity for one- and two-dimensional shapes in y−z, for rotations about the
x axis. For 1D shapes (nanorods), there is only one excitable mode, so the entanglement vanishes and the purity is always 1. For the 2D shapes, the purity
depends on the relative excitation strength of the z and the y dipoles. This depends both on rotation angle, and importantly on excitation energy, since the
z-dipole excitation has a different energy dependence than the x−y dipoles.

reconstruction [16], tomographic imaging [61], or cathodolu-
minescence coincidence [65]. However, using our theoretical
analysis, one can connect classical-like observables (as cross-section
images) to quantum phenomena (as entanglement), which enables
inference of the entanglement in the interaction from standard
electron intensity images. The entanglement, quantified by the
electron’s purity, results from the fact that the electron experiences
a different electromagnetic potential depending on the excited
optical mode: x , y , or z dipoles. This dependence correlates the
quantum wave function of the electron to the state of the nanopar-
ticle, with different weights for each “option” (e.g., orientation),
depending on the excitation probability of each option, and the
tensorial polarizability of the nanoparticle. Using this knowledge
of the electron density matrix, the electron purity can be calculated
directly from a single measurement. In particular, this is done
by fitting the polarizability tensor to the energy-filtered electron
image (see Supplement 1 Section S.3.3 for further details).

Additionally, the electron-optical excitation entanglement can
be tested in a direct manner, using experimental setups that imple-
ment coincidence measurements of EELS with light emission
(cathodoluminescence) from plasmonic excitations, analogous
to the coincidence experiment of [65] that correlated EELS and
x -ray emission. These tests could be made to fully characterize the
joint wave function of the electron and the plasmons or to perform
experiments that test Bell’s inequality [66].

3. DISCUSSION AND SUMMARY

Let us now compare the two cases discussed above: the nanoparticle
and SPP excitation. In the nanoparticle case, the number of excited
modes is always discrete and is related to the geometrical properties
of the nanostructure. The discrete number of modes implies that
the electron’s reduced density matrix has a discrete set of eigenval-
ues, which results in a finite electron purity and slowly decaying

spatial coherence, in contrast with what might be expected from
the gedankenexperiment of Fig. 1. The reason is that Fig. 1 relates
to a SPP structure, where the electron’s spatial coherence corre-
sponds to the SPP’s propagation length, and the eigenvalues of
the electron density matrix enable finding the dispersion relation.
However, the continuum of modes results in a vanishing purity
(completely mixed electron), which is discussed more extensively
in Supplement 1 Section S.4.

Coherently sculpting the electron wave function has been pur-
sued in different experimental setups. Implementations include
using elastic interactions in thin membranes [6–11] or by utilizing
lasers [12–21,67], generally treating decoherence as a noise mecha-
nism. Our work now paves the way towards sculpting the electron
density matrix and its quantum decoherence using inelastic scatter-
ing. The control of the coupling strengths to each electromagnetic
mode, as well as the mode’s confinement and lifetime, enables full
control over the electron coherence and purity.

An example of such coherent sculpting can come with nanopar-
ticles hosting multipolar modes [68,69] or multiple nanoparticles.
Then the optical environment consists of more electromagnetic
modes, which yields a higher dimensionality and thus a lower
electron purity. Having several nanoparticles enables one to geo-
metrically control the electron’s purity when changing the distance
between the nanoparticles compared to the spatial extent of the
electromagnetic modes. When the nanoparticles are optically
separated, the electron’s quantum state is divided to independent
Hilbert spaces. The interacting electron becomes entangled with
this combined Hilbert space. When there is some spatial overlap
between the different nanoparticle modes, the set of electromag-
netic modes needs to be diagonalized in a way that usually removes
degeneracies. Through the post-selected electron energy loss, one
can control (post-select) an electron interaction with one of these
modes. The above argument holds for electron interaction with
any set of optical excitations. For example, a quantum dot exciton

https://doi.org/10.6084/m9.figshare.13277318
https://doi.org/10.6084/m9.figshare.13277318


Research Article Vol. 8, No. 1 / January 2021 / Optica 77

strongly coupled to a plasmonic resonator (forming together two
polaritonic modes) may also be probed by this technique, allowing
for new probes of strong light–matter coupling.

Furthermore, our MQED-based formalism can be applied to
more complex scenarios such as electron interaction with optical
excitations that are pre-excited by an ultrashort laser pulse—a
growing subfield of electron microscopy [12–23,67,70]. For
such stimulated processes, it is possible to generalize the theo-
ries in [22,23] and in [2] using MQED [41]. There, due to the
potentially high number of photon quanta in bosonic excitation,
first-order perturbation theory is often not enough, necessitating
higher-order calculations and even a nonperturbative analysis
[71]. Additional interesting effects could be observed in cases of
laser excitation of quantum emitters in the sample (e.g., in quan-
tum dots, excitonic 2D materials, and nitrogen-vacancy centers),
which can carry phase information. Then, the free-electron density
matrix can capture information about the coherence of the initial
excitation of the quantum emitter. The coherent phase informa-
tion of the quantum emitter could potentially be extracted using
specially shaped energy-modulated free electrons [70].

Additionally, our formalism could be extended to applications
where time dynamics play a more central role in the interaction.
Such applications may include optical environments with time-
dependent properties (e.g., photonic time crystals [72–74]) and
quantum emitters with time-dependent population dynamics
(e.g., driven by ultrashort laser pulses), yielding different types of
stimulated interactions. In case of a time-modulated permittivity,
our formalism should be able to relate the temporal coherence
in addition to its spatial coherence, which creates possibilities
for entanglement in temporal degrees of freedom. The required
mathematical extension is to calculate the electron density matrix’s
off-diagonal elements in the frequency space, in addition to the
position space. This should be an interesting extension for our
formalism, which we leave for future work.

To conclude, our work demonstrates how quantum infor-
mation techniques can be exploited to expand the already rich
analytical capabilities of electron microscopy. We presented a fully
analytical and general description of free-electron interactions
with quantized electromagnetic excitations, yielding the post-
interaction electron density matrix. Using MQED, our analysis
can be applied in any optical environment. Our theoretical predic-
tions are in good agreement with existing experiments (e.g., based
on holography), suggesting that the current phenomenological
descriptions can be replaced by our first-principles theory. We
showed how the optical fluctuations in the environment leave
their footprints on the electron decoherence, and we analyzed
the available quantum information in the electron using its spa-
tial coherence and purity. Furthermore, we proposed means of
measuring the coherence and lifetime of the optical excitations
using simple electron measurements as well as means of controlling
the electron coherence and purity (by shaping the electromag-
netic environment). These capabilities can lead to many novel
applications of existing electron microscopes.
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